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Abstract : 
In brittle solids, stress concentration at the tip of cracks acts as a magnifying glass of the microstructural 
disorder of materials. As a result, macroscopic failure properties are extremely sensible to microscale 
heterogeneities. For example, fracturing systems often display a jerky dynamics characterized by sudden 
jumps of the front position spanning over a broad range of length scales and fracture surfaces exhibit 
roughness at length scales much larger than that of the microstructure. In addition, microscopic toughness 
fluctuations can modify qualitatively the macroscopic effective resistance of materials. To bridge those 
length scales, tools issued from statistical physics have been proved to be very helpful. Combined with more 
classical approaches in fracture mechanics, they lead to statistical models that can capture quantitatively the 
role of microstructural disorder on the failure properties of brittle solids. 
Résumé : 
Dans les matériaux fragiles, la concentration des contraintes en pointe de fissure rend les propriétés 
macroscopiques de rupture très sensibles aux hétérogénéités à l'échelle de la microstructure. Ainsi, le 
mouvement  d’une fissure est souvent caractérisé par d’importantes fluctuations de vitesse et les surfaces de 
rupture présentent une rugosité à des échelles bien plus grandes que celle de la microstructure. Qui plus est, 
les hétérogénéités de ténacité à l’échelle microscopique modifient qualitativement la résistance effective 
macroscopique des matériaux. On montrera comment les outils de la physique statistique permettent de 
décrire ces phénomènes en intégrant les effets du désordre microstructural des matériaux à la théorie 
classique de la Mécanique de la Rupture. 
Mots clefs: Brittle failure, disordered materials, pinning of elastic lines 
1 Introduction 
Nowadays, composites, structures and devices can be designed and fabricated at nanoscale dimensions with 
controlled microstructures processed “atom by atom”. Predicting the resistance to failure and the lifetime of 
such systems is a major challenge in order to ensure their durability and their efficiency on the long run. 
Classical theory of fracture clearly fails in this task, modeling real materials by effective homogeneous 
media. A crack being extremely sensitive to the stress field in the vicinity of its tip, it is impossible to replace 
a heterogeneous material by a coarse-grained equivalent homogenous solid. To address this problematic, new 
types of model have emerged which combine theoretical tools issued from Statistical Physics and Continuum 
Mechanics. I will present here a promising theoretical direction where the crack is described as an elastic line 
driven in a random field of local resistance, and I will show how it can capture the effects of material 
microstructure on the failure properties of materials. Inspired by the seminal work of Rice [1], a stochastic 
equation of motion for the crack can be derived [2,3] (Section 2) and used to predict the statistical properties 
of a propagating crack (Section 3). Predictions on both the crack rough geometry and its dynamic are then 
compared with recent experimental observations made on disordered brittle solids [4,5] (Section 4). This 
theoretical framework can be used either to make predictions on the failure properties of a given structure, 
but also to design materials with optimized microstructure in order to achieve improved failure properties. 
These concepts will be illustrated on experimental examples in the context of interfacial failure and thin film 
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adhesion (Section 5). 
2 Presentation of the model 
In this section, we derive an equation of motion for a crack propagating within a brittle heterogeneous solid 
in the limit of slow crack growth velocity. The microstructure of the material is described by a heterogeneous 
field of fracture energy Gc(x,y,z). The scheme presented in Fig. 1a provides a description of the considered 
system as well as the notations used in the following. Material inhomogeneities generate distortions on the 
crack geometry, both in the mean plane of the fracture surface, represented by f(z,t)), and out-of-plane, 
represented by h(z,x). Those, in turn, generate variations of the elastic energy release rate G(z,t) along the 
front. For small perturbations, these variations depend on the in-plane perturbations f(z,t) only, and h(z,x) can 
be neglected. 
 
Fig. 1: Sketch and notations of a crack front propagating in a 3D heterogeneous material (a). To first order, 
the equation of motion involves the in-plane component f(z,t) of the crack front only and can be reduced to 
an equation for a planar crack front propagating within a 2D material (b). 
As a result, the energy release rate can be described by    ')'( )()'(t)G(z, 20 dzzz zfzfG  that is a function 
of f(z,t) only [1]. The equation of motion is obtained by writing that the local velocity of the crack front is 
proportional to the difference between the local driving force and the local fracture energy, i.e. v(z,t) ~ G(z,t) 
- Gc(x=f(z,t),z), leading to: 









     (1) 
where G0(f(z,t)) is the elastic energy release rate applied to a specimen with similar geometry, but with a 
straight crack front of length f(z,t). This equation of motion for the crack is the cornerstone for the predicting 
the failure properties of brittle solids from the characteristics of their microstructure. For materials with a 
disordered microstructure, as we will consider in the following, Gc(x, z) is a stochastic term, i.e. its value is 
taken in a statistical distribution – here for simplicity, we will take a Gaussian distribution. We note <Gc> 
and δGc the corresponding average value and standard deviation, respectively. 
At this point, it is important to separate two different situations: for crack perturbations |δf (z, t)| = |f (z,t)−<f 
(t)>| << ξ where ξ corresponds to the typical size of material heterogeneities, the stochastic term in Eq. (1) 
reduces to Gc(<f(t)>, z). In that case, the equation of motion is linear with the crack front position f(z,t) and a 
solution can be found by taking the Fourier transform of Eq. (1), as e.g. in Ref. [7]. However, for stronger 
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levels of disorder, the crack deformations are too large to allow for such an approximation, and the non-
linearity due to the stochastic term results in a rich and complex dynamics of the crack – let us note that the 
unknown variable is in that case an argument of the stochastic random term. In particular, at small external 
loading, the front remains pinned by the heterogeneities of highest fracture energy. In addition, one observes 
a stick slip motion of the front close to the depinning threshold. In the following, we will focus on this 
regime, also referred as strong pinning regime, corresponding also to the experimental situations that will be 
investigated here. 
3 Failure of disordered brittle materials as a depinning transition 
The equation (1) describing the front motion in a disordered medium is referred to as a pinning/depinning 
equation of an elastic line in a random medium [8]. It gives rise to a dynamic phase transition, i.e. that the 
crack front remains motionless until the external applied loading reaches a given threshold, also refers as the 
depinning threshold. At this so-called depinning transition, the motion of the crack is characterized by 
important velocity fluctuations, and the front geometry is self-affine with geometric perturbations at all 
scales. The statistics of both the front roughness and the velocity fluctuations are well described by scaling 
laws, with universal exponents. 
At the macroscopic scale, the mechanism of crack pinning by the material heterogeneities is described in Fig. 
2 where the average crack velocity <v> = <∂ f/∂t>z,t (where the operator <>z,t means averaging over both z-
coordinate and time) is represented as a function of the net macroscopic elastic restoring rate G0( <f (t)>, t) - 
<Gc> applied to the specimen. 
 
Fig. 2: Sketch showing the variations of the average crack velocity with the applied macroscopic elastic 
energy release rate as predicted by Eq. (1). 
 
At zero temperature, crack propagation is prohibited for small driving force G0 < <Gc> + ΔGc, where ΔGc 
is a positive constant (see Section 5 for its relationship with the microstructural parameters). As a result, the 
effective fracture energy of the heterogeneous solid is: 
 
Geffc = <Gc> + ΔGc        (2) 
 
i.e. the average of the microscopic values of fracture energy in the solid plus a positive constant. This 
additional constant results from the pinning of the front by the material disorder and will be discussed further 
in the last section of this manuscript. Above the pinning threshold, the mean velocity <v> of the crack front 
evolves as <v> ~ (G0 – Geffc )θ where θ is called the velocity exponent. Equation (1) has been studied using 
the functional renormalization group technique [9] leading to θ ≈ 0.78. Direct numerical simulations of Eq. 
(1) result in θ ≈ 0.65. Note that such a property of the solution of Eq. (1) is independent of the stochastic 
term Gc(x,z) used in the calculation. This enables to derive predictions on the macroscopic behavior of the 
crack in a brittle solid, even though the field of fracture energy is not known in detail at the micro-structure 
scale. 
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4 Comparison with experimental observations 
4.1 Crack dynamics 
In order to test the relevance of our approach, we will compare the predictions of Eq. (1) with experimental 
measurements made on brittle materials with a disordered microstructure. Figure 3 shows the dynamical 
properties of cracks as measured during their propagation within heterogeneous brittle materials. Both the 
average velocity (Fig. 3a) [5] and its fluctuations (Fig. 3b) [4] are well described by our theoretical approach. 
 
Fig. 3 : Comparison of the predictions of the model with experimental observations: (a) variations of the average 
crack growth velocity within a heterogeneous material as a function of the external loading G0 [5]. Both 
subcritical (red) and critical (blue) regimes corresponding to <v> ~ (G0 – Geffc )θ with θ ≈ 0.8 are captured by the 
model (solid lines); (b) Experimental distribution of velocity fluctuations (or avalanches) during the motion of a 
crack in a heterogeneous brittle solid (Courtesy of S. Santucci [4]). The power law behavior with exponent γ=1.7 
is in agreement with the theoretical predictions presented in inset [3]. 
4.2 Crack trajectory and fracture surfaces 
The predictions of the model can also be confronted to experimental observations made on the statistical 
properties of experimental fracture surfaces, reminiscent of the trajectory of cracks as they interact with 
material heterogeneities (see Ref. [10] for the derivation of the equation of trajectory for a crack in a brittle 
disordered medium). Figure 4 presents an experimental fracture surface h(x,z) of a heterogeneous brittle rock 
(a), and its height-height correlation function Δh(δz)=<[h(x,z+ δz)-h(x,z)]2>1/2x,z represented in logarithmic 
scales (b). As predicted by the model, fracture surfaces are self-affine with Δh(δz) ~ δzζ  with exponent ζ ≈ 
0.43 [11]. 
 
Fig. 4: Fracture surfaces of brittle heterogeneous materials: example of a brittle sandstone. (a) Experimental 
fracture surface; (b) Scaling properties of its roughness, found in rather good agreement with the theoretical 
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prediction ζ=0.39 [10]. 
5 Effective resistance of heterogeneous brittle solids: application to the design 
of materials with improved failure properties 
As illustrated in the previous section, the theoretical approach proposed here connects microstructural to 
macroscopic properties in brittle solids. As so, one can identify the properties of the material microstructure 
that govern their macroscopic failure properties, such as their effective resistance. Figure 5a represents the 
theoretical predictions for the variations of the normalized effective fracture energy ΔGc/<Gc>= (Gceff - 
<Gc>)/<Gc> of a brittle disordered solid (see Section 3) as a function of the amplitude of its fluctuations δGc 
of resistance at the microstructure scale. We see that for brittle disordered materials, the more heterogeneous, 
the more resistant. Figure 5b illustrates how such concepts can be used in the context of adhesive thin films: 
here, the theoretical effective adhesion force Fpeeling of a heterogeneous tape normalized by the one F0 of the 
corresponding homogeneous one is represented as a function of the contrast of heterogeneity of Young’s 
moduli. A large ratio enhancement can be obtained by designing a thin film adhesive with sufficiently strong 
elastic heterogeneities [12]. These results have been also confirmed on experimental examples [13]. 
Designing judiciously heterogeneous solids can lead to systems with greatly improved adhesion or failure 
properties. 
 
Fig. 5: (a) Normalized effective fracture energy of a disordered brittle solid as a function of the normalized 
amplitude of its fluctuation of resistance at the microstructure scale. (b) Application of such ideas to the 
design of highly resistant adhesives with heterogeneous elastic properties [12]. 
6 Conclusion 
The propagation of a crack in brittle materials with weakly heterogeneous local properties has been 
investigated in the quasi-static limit. We proposed an extension of the “standard” Linear Elastic Fracture 
Mechanics developed for homogeneous materials to the case of disordered media by considering a random 
field of fracture energy. In our model, the motion of a crack is analogous to the one of an elastic line driven 
in a random medium and critical failure occurs when the external force is sufficiently large to depin the crack 
front from the heterogeneities of the material. This description results in predictions on the dynamics of the 
crack that compares well with the experimental observations [4,5]. These results have important implications 
in Material Science and Engineering by providing a quantitative description of the toughening of brittle 
material induced by its heterogeneities. This link made here between the microstructural characteristics of 
brittle materials and their fracture energy can serve as a basis to design stronger materials with improved 
failure properties. 
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